Abstract. This paper investigates a holonomic constrained system of a particle moving on a horizontal smooth plane. The equilibrium points, bifurcations and chaotic attractors of the system are analyzed. It shows that the rich dynamic behaviors of the particle motion system, including the degenerate Hopf bifurcations at multiple equilibrium points, the chaotic behaviors of the particle motion. The numerical simulations are carried out to verify theoretical analyses and to exhibit the rich chaotic behaviors.
INTRODUCTION
Some research shows that the the particle motion becomes complex because of the existence of external force, such as shear force [1] and creep force [2] . Junhong and his cooperators studied a particle motion under external force and investigated the influences of two nonlinear nonholonomic constraints on the particle motion [3] . In this paper, we will discuss the particle motion system of Ref. [3] with holonomic constraint . Thus, the equations of motion of the constrained system become (2)
where
The stability of equilibrium points, Hopf bifurcation and chaos of the constrained system are investigated as follows.
DYNAMIC ANALYSIS
By computations, we can obtain the equilibrium points as follows
From the expression of f E 6 (λ ) , we can obtain the eigenvalues are ±
, where a Mb < 1. In this case, the system occurs Hopf bifurcation at the equilibrium E 6 . For E 6 , let
Then, the system (2) becomes
Furthermore,
Based on the above analysis and the theorem in [4] , we can obtain the the conclusion as follows.
Theorem 1. The system (2) undergoes degenerate Hopf bifurcations at E 6 and the bifurcating periodic solution is unstable.
According to Routh-Hurwitz criteria, E 0 , E 1 , E 5 , E 7 and E 9 are unstable points. For the other equilibria, we can obtain the same conclusions using the method in [4] when the Hopf bifurcations occur.
CHAOS AND SIMULATIONS
The above results show that the particle motion system has complex dynamic behaviors. In this section, we give some simulations to study the particle motion and select the parameters a = 5, c = 0.001, b = 1, and initial values (x 0 , x 10 , y 0 , y 10 ) = (0.1, 0.001, 0.1, 0.1). In this case, the system (2) has ten equilibrium points. Table. 1 indicates the eigenvalues of corresponding Jacobian matrix and the equilibria type and shows the unstable manifold and stable manifold at the equilibrium points of the particle motion system when M = 0.2.
In chaos theory, the equilibrium points of the system are of great importance to understand its nonlinear dynamics [5] . It has been long supposed that the existence of chaotic behaviour in the microscopic motions is responsible for their equilibrium and nonequilibrium properties [6] and the interconversion of the stable manifolds and the unstable manifolds which can cause complicated dynamics in the system (2) [7] [8] . The Lyapunov exponents are 0, -0.2 -0.3 and 0.6 using the method in [7] , thus the system (2) is chaotic. Fig 1. shows the particle motion trajectory and the chaotic attractor of the system. The poincare maps and chaotic attractors in x − y plane and x 1 − y 1 plane are given in Fig. 1-6 . If the constrained parameter M = 1, the particlemotion system also occur chaotic phenomena. Fig. 7-8 show the chaotic ayyractor in x − y plane and x − x 1 plane. 
CONCLUSION
The results show that the rich dynamic behaviors of the particle motion system, including
Hopf bifurcations, interconversion of the stable manifolds and the unstable manifolds at multiple equilibrium points and chaotic attractors. Thus, the particle motion trajectory has complex dynamic behaviors under the holonomic constraint. 
